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Differential Calculus

Limits

* Tables
* Entering Greek letters

* Linear Graphs
» Dynamic graph Viewports and adding graph axes

Y ou can use MathViewto solve limits using algebraic manipulation, table
generation, and Graph Theories. The first two methods shown in this section are
conventional in their approach. The third shows you how to creatively use Graph
Theories to study this sometimes difficult subject.

Limits by Y ou can find the limits of al polynomials and most rational functions using
Algebraic substitution. In other words, the following holds true.
Manipulation It lim f(x) = f(c) and lim g(x) = g(c),
X® ¢ X® ¢
im 100 _ 1(©) ' 0
then )(Iérr(]; g(x) g(c) for g(C) .

However, even when g(c) = 0, thelimit of arationa expression may exist.

Finding the limit of the following function as x® 2 poses aproblem. At first
look, it seems as thought the limit is undefined. The limit does exist however, and
you find it by factoring the expression and simplifying.
*  Input the expression as an equation of y along with a second Prop defining

x = 2. Substituting x into the y Prop gives an undefined value, as indicated

by the ?.
E] y = .:C'E— x—= 2
v x—B
& i 2 Substh:te -——— Value undefined because
denominator is zero
[:]X. i) when X=2.
l@ «  Factor both the numerator and the denominator and simplify the result.
e Complete the operation by substituting x into this new result.
@ E] e ¥2_w_2 <« ——— Factor numerator
-6
When you choose (x EIII:.X' N 1:'
Factor, a warning may = o Faator
appear stating that the & ¥ w2,y _[ -«§——— Factor denominator
manipulation may take a !
long time. Ignore this Iy = w Factor
warning by pressing the [x +3:”:13‘-' -2
Return key. _ xa+ Simptif
Oy X +3
& y =8 Substitute A——— Limit
3
(Jx=2
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Limits

Studying Limits
with Tables

A Graphical look
at d-e

Y ou can also use the table generator to analyze thislimit. In the next example, you
generate two tables. Thefirst takesx values approaching from the left and the
second takes x values approaching from the right.

*  Enter the expression in anew Prop, select, and generate a table defining the
domain of x as1..2. Accept the other defaults by clicking ok or by pressing
[=+]. Generate a second Table by selecting the expression again and defining
the domain of x, thistime as 3..2. Open the details and observe that both
tables approach .60 or 3/5, matching the results from the last example.

¥y B

xe4x—B

|
R -

Bottom of Table #2

2.0476 0.60377
2.0317 0.60252
2.0158 0.60127
2 0.6

Y ou can use a Graph Theory to explore the formal definition of alimit. Below, as
review, isthe conventional definition.

The limit limf(x) =L exists if and only if,
X® a
givenany €>0, thereisa d>0 suchthat |[f(x)—-L|<e

whenever 0<|x-—al <d.

Givenapoint a® f(a), distheamount of input error accepted given an output
error of e. If this relationship holds, then alimit existsand isequal to L.

Think of it thisway. Given apositive output error e, what value of the input error d
gives an output that iswithin f(a) +e?
y

L+¢

Given

Outputs
L-¢

\ X .
a Required
Inputs
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Differential Calculus

You can obtain both d
(delta) and € (epsilon)
by selecting them from
the Greek Pop-up menu
on the

Palette. 1‘|'I

Add a small amount to a
so MathView can
generate the plot where
X may be ata
discontinuity, or where
the limit possibly does
not exist. In most cases,
a small amount added to
a will not affect the
results.
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The ability to control the Viewport of Graph Theories allows you to determine the
value for which d produces output values f(d) that arewithin L +e and L —e.

Y ou do this by adjusting the value of d and keeping e constant so the plot makes a
diagonal within the graph bounds. With the values obtained from this procedure,
you can find arelationship between d and e which closely approximates the one
achieved when using traditional methods.

* UseaNew Notebook. Enter, in functiona form with Wildcards (page 64), the
sine function. In separate Props below the function, enter values for the
desired output tolerance e and a guess for theinput tolerance d. Define both as
User Defined variables, when asked.

Ofa) = sin(a)

(Je=01
(]8=02
« Below these Props, input the point a defining the desired x value.
=-I
C] @ = g

Although not necessary for the plot, you may want to determine f(a) by entering
it in a separate Prop and performing a Calculate.

»  Finaly, generate the plot by inputting y = f(x) and choosing Linear from
the Graph menu. The following graphic shows the input thus far without the
plot.

(o] ﬁ:ﬁ) = sin(a&) Chosen Output error
(@] =01 -<———— Itstaysconstant

(@] =02 <——— Inputerrorthatyou
E] 1 change to make the plot move
G s ==
]

O fle)
("r_\> fla) =0.38268 Cofoulas

(o]y = flx)

Before the graph can help determine the correct values, you must place the
Viewport detailsin aform representing the limits of the tolerance values.

*  Openthe Viewport by clicking on the Graph details icon and change the
ranges to the values below.

g—0..c+0=left.right | StretchtoFit « |

fla)l—z.. fla)+ ¢ = bottom..top  cropping [ Moderately I




Limits

If the graph icons are in
the way of the upper
right corner, add one
axis to the right and the
other to the top of the
graph. Change the
cropping to Moderately
Wide.

Change the cropping.

Choose Graph »
Additional »

Add Axis and change
the labels to those
shown.

X

—P flal-e.. fla)+ e =bottorn..top  cropping [ Moderately Wide I

*  Beow isthe resulting Graph Theory.
E]y = fix] ~«————— Plotusing this equation

f(a)+e >@ i“
045 H
Stays i’} E
Constant il 553
035 +
:
f(a)—elp| "1 : | |
02 0.3 04 0.5
a—-d Changes a+d

e Keepeconstant at 0.1 and change d until the line in the plot creates a
diagonal within the Viewport.

The value given tod to create the diagona represents the maximumd can be to
have an output within the limits defined by e. The following plot suggests an
approximate maximum value of 0.107.

(s)e=01

()6 =0.107 ~——— The value of d which makes the

[®a= b3 line a diagonal within the graph viewport
8

(s]y =flx)

L

045

04

0535

a-5..0+8=leftright [ StretchtoFit ~ |

Derlarations
¥ sudsat(right,y)where y = bottom ... top lateled y on [ thisside ~ |
colored .
¥ Axdsat (X, top)where x = left ... right lateled x on [ other side « |

colored | Lilac w |

To find the relationship betweend and e, set up a Prop creating adirect
relationship.

* Substitute e and d into this new Prop.

* Isolate r (declare r aUser Defined variable).

* Substitute the r = 1.07 equation back into the first Prop (see below) to give
the relationship.

D G =rg --§————— Substitute dand efrom above
&U.IDT —01r Substhite into this Prop.

&?" =1.0F Imist: -§— Substitute thisequation
back into the first Prop.
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Differential Calculus

»  Substituting r back into the first Prop gives the relationship betweend and e.
& B =107 Substiut

» Below isthewhole Theory.

(Jb=re
{f_\)[],l[]'T =0 1p Substikute

& =107 Ilsolate
N5 =107c Substimte

Teacher’s Note

Y ou can add line plots, defining the limits, to the lines act as the bounds, rather than the Viewport.
Graph Theory. Asdifferent values areinput, the The Theory below shows an example.

w|
f 151+
(a)+e f(a+d) 1505 +

150

f(a—d) 1495 4

@6 ——| o]

Gl [EEE=L

=
g
=1

e
=
=)
==
wn
o
=
ra
on
=
=

150



Slope of a Curve

Zooming in on

Curves

5]

Slope of a Curve

» Zooming in and out on a plot
* Adding line plots
* Adjusting Viewports

* Animation
* Secant and Tangent lines
* Taylor Series

The derivative of afunction isinexorably linked to the concept of the slope of a
curve at agiven point. An efficient way to study this concept is to use Graph
Theories. This section demonstrates how to zoom in on a curve to approximate
slope; how to add aline plot to a Graph Theory to represent a secant to agiven
function; and how to make tangent lines using function notation. Finally, you are
introduced to the Taylor Series manipulation by using the feature to generate the
same tangent line.

A changeiny (the outputs), divided by the associated change in x (the inputs),
determines the dope of astraight line. A problem occurs, however, when you try
this method with curves. For any change in x, the associated changeiny
determines the average change, or the slope of the secant line, between the two
points.

By taking smaller and smaller changesin x, this value approaches the true slope of
the curve. Zooming in on a curve is agraphical way you can display this concept.
After you zoom in on aplot several times, the curve will look more and more like
that of astraight line and you can calculate an approximation to the actual slope of
the curve at a given point.

* Input the following function and zoom by using the Knife, using the Rocket
(hold down the Option or Alt key while clicking on the Rocket), or opening
the details and changing the Viewport. These details are shown below each of
the following graphs. The chosen point is x = 1.2. Thefirst graph showsthe
curve as MathViewinitially generatesit. The second, and subsequent graphs,
show various zooms.

&y = sin{x9 &)y = sin{x%

L4 Ao - . &
08 5 T . \ I
e 188 1 =]
b | | 0,86 -+ =
024 H‘M I | EH
ol B
it ; I Git ; i ; =

\l 4! % 0 ; 1 12 13 14 =]
3.3 = left. right 0.96...1.43 =left..right [ StetchtoFit « ]
-0.5...1 =botlom...top  cropping 0.892 ... 1.024 = bottora. top  cropping [ Moderately «
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Differential Calculus

Change the precision to
8 by choosing
Notebook »
Display Precision »
8 digits.

Secant Lines

152

(o]y = sin{x9 (e)y = sin{x%
%ﬁsq il %—Ls -

i
L

12 pe =

|98147 -
139146 -
|98145 -
|991dd -

.EEII@ =

i
119995 5

12 120005 =

1.1805...1.21 = left..right 1.1899...1.2001 = left...right

0.9876... 0.995 = bottom...top c:mpping 0.99143...0.99148 = battom... top c:mpping

Although the line does not intersect a gridline exactly, you can approximate the
plot’s slope by using thex values of 1.19995 and 1.20005 in the last graph. The
change in the associated y values divided by the differencesin the x valuesgivesa
dope of .30. This number is pretty close to the actual slope of .31302.

Y ou can a'so usethe Viewport to determine the slope. Zoominto aview wherethe
line makes adiagonal in the Viewport. Then use the Viewport boundary values to
perform the calculations. This calculation leads to a slope of .3166...

1,199905...1.200085 = left..right [ Stretchto Fit = |
0.991427..,0.991484 = bottorn.top  cropping | Moderately - |

0.881484-0.891437 _
1.200085-1.199905 0.31666667

In the last example, you determined the slope of the secant line by connecting two
points near atarget point. In the next example, you will add a secant line to the
plot of afunction using the difference quotient [f (x + h) —f(x)] ch . In addition,
by using MathView' s animation feature, you will turn that secant lineinto a
tangent line.

¢ InaNew Notebook, input the function y = x#. Generate a Linear plot and
press [=w]. This placesyou in aProp between the function and its graph. Input
the equation for the secant in Point-slope form using subscripted variables.

Difference Quotient m

b 4 .4
[ secant = wr;x—x]}+}fl

* Inputavaueof 2 for x; and define y, to be x‘l1 . Thisinput allows you to
change x, without having to determine y, for any given point. Finally, create
aProp defining h = 5. Declare all new names User Defined when requested
by MathView.

*  Select the secant Prop and choose Graph » Additional » Add Line Plot.
The notebook will now look like the following.



Slope of a Curve

Make sure you define

the X-axis and the y-axis

variables as X and
secant , respectively.

Tangent Lines

You may want to try the
method described here
for the Secant Line
example above.

@)y = x*
i
{

X +h ;
(w] secant = % X=Xy ~§— Select and choose
E]xl -9 Add Line Plot.

E]3”1=X1‘1
(o] =2
LA50

e Change the Viewport ranges to better display the plot.

-0.5...9=left..right | StretchtoFit = |
—800.., 3000 = bettorn.. top  cropping| Moderately « |

Change h from 5 ® 0 and the secant will rotate towards a tangent line at 2.

e You can automate this by selecting h, or its equation, and choosing Graph »
Animation » Start. Change the animation range from the default of 0% 2p
to arange defined as 5% 0 . The screen-shot below has caught the animation
where h = 4.0.

3 4000

10+0aE L

10+0E L

i}

[ 4 B 8

Anirrate this graph for 2 =5 ... Din steps of ——é for a total of 10 frames

[inacwk »|at| | framesisecond « |

In the next example, you will use function notation to plot atangent line at apoint
a on the Sine curve. When you change the value of a, the tangent will move to
different points on the curve.

In a New Notebook, or in a Case Theory within an existing notebook, input
the sine function using Wildcard variables. Plot this function using a new
Prop where y = f(x). Declaref asafunction.

«  After the plot generates, hit the Return key. Enter the equation for the tangent,
using function notation. See the y¢ Prop below.

* Createtwo additional Propsdefininga = 1 and h = 0.001. Select theProp
defining the tangent line and Add Line Plot, making sureto choose the correct
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Differential Calculus

By zooming out and
animating a, watch the
line traverse the sine
wave like a skier going
over the bumps on a ski
slope.

Linearization
using Taylor

Series
.

154

x and y axisvariables (x and y¢). The Theory will ook like the following,
after declaring al variables User Defined.

(¢ f(a_g:' =sin(g | Tangent line in
(8)y =flx) Point-Slope form
E] v = W(;{_ a) 1 f(a) -§——— using a as the point.

E] a=1 -¢— Change a to move the point of tangency.

[e)h =0.001
@ i
05
=

i e
e

2 x ] =2

Using the same function, the next example demonstrates MathView's Taylor

Series. Thetangent lineis, after al, just a Taylor polynomial of degree one.

* Input the sine function in a new Prop within a Case Theory, or in aNew
Notebook. Do not use Wildcard variables this time. Select the function and
generate a Linear Graph Theory.

[y = sin(x]

e Select the RHS (right hand side of the equation) and choose Manipulate »
Other P Taylor Series. The following dialog box will open.

Taylor Series Generation

Taylor Expand: sin(x)
to be a y ial in i @ zero
variable: point: ) variable:
% [
=
n
[
b
Highest order term: EI
Number of terms (including

Since you want to have the ability to move the tangent line, choose an expansion
variable.

» Toggle on the variable button by clicking on it, and choose a in the scrollable
box on the right. Change the Highest order term to 1 and click ok, or press
[=rm]. MathView generates a new equation with the RHS (right hand side of
the equation) in the form of a Taylor series.

*  Press again and input a Prop giving a the value of 1.

Rename the equation at thistime. This action allows you to plot the Taylor



Slope of a Curve

equation in the same Graph Theory without conflicting with the other plot (the
existing plot aready usesy as the dependent variable).

* Selectthey in the Taylor equation and type y¢. MathView generates a new
Assumption just below the Taylor equation. Select this new equation and
choose Graph P Additional » Add Line Plot. A Graph Theory exactly like
the one in the last example appears.

O (8]y =sin(x)
Oy =cosfalix—a)+sin(a) TalorSets
(8]y' =cos(a)lx-a)+sin(a)
[oja=1
& i
s+ . .
EH
: it
L'I}; -\/ |
2 x o ;

* Changethevaue of a to movetheline. Y ou can aso animate this graph by
choosing a asthe animation variable.

The Taylor series does not look very much like a polynomial at this point because
you have not substituted the expansion variable into the equation yet. To see the
seriesin polynomial form, substitute a=1 into the equation, Expand, and then
Calculate the RHS; or sinceyou have given a avalueinthe Theory, just select the
RHS, Expand, and Calculate.

g@y = sin(x)
Ovy = cosfa)x—al+sin(a) TadorSaie
(8)y' = cos(a)(x-a]+sin(a)
Oyy' = cos(a)x-acos(a) +sin(a) Bemd
Syt =05403x +0.30117  Calexiate

[0 =1

054
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Differential Calculus

Solving the
Difference
Quotient

Using the Partial
Derivative Op

156

Derivatives of Functions with One
Variable

* Partial Derivative Op
» Command line derivative entry

* Numeric derivatives
* Pre-defined Differential Op

Y ou can find derivatives of functions with one variable using two different
methods in MathView. The preferred method isto use the Partial Derivative Op. A
second method isto use the PreDefined Differential Operator, d. Before the
discussion on these operators, you will explore the link between the Difference
Quotient and the derivative, giving you another look at how you can use functions
in MathView.

In the next example, you algebraically solve the difference quotient using the

simple function f(x) = x2. The solution, in turn, gives the derivative of the

function.

*  Input the function using Wildcard variables.

* Inasecond Prop, input the difference quotient using regular variables.

»  Select the function and substitute it into the difference quotient Prop. After
you declare the function f, MathView performs the operation.

»  Select the RHS of the resulting equation and Expand twice.

» Sinceyou areinterested in the limit of thisfunctionas h® 0, create a Prop
defining h = 0 and substitute h into the RHS of the last equation for the
answer.

(Jf(s)=2° —® substitute into
0O fIZX+f";3—fIIXJ -

& flae+h)-flx] z (A +3'-’:|2—3‘-’2 Seebatihube
h h
Fle+h)—flx) _ hP+x?42hx  x°
a h - 2 h
&ﬂ:x"'};g_ﬂx] =h +2y Egmd

Expand

5y fl:x+};1]—f[x] =2 Substiute
[(Jh=0

For most of your work with derivatives, use the Partial Derivative Op. MathView
often requires you to declare an Independence Declaration when performing
partial differentiation. Therefore, aslong as you do not declare an Independence
Declaration, you can use the Op to take regular derivatives. See page 165 for
instruction on Partial Derivatives.



Derivatives of Functionswith One Variable

4

If you do not use
parentheses to delimit
the function, MathView
will only take the
derivative of the first

term, X4, and you will

end up with the wrong
answer:

7 —4x+79.

You can now change
the original function and
MathView will
automatically generate
the derivative for the new
function.

Y ou have several methods of entering the Partial Derivative Op. The first method

isto click on the Palette image, which inserts the Op at your insertion point, or in
anew Prop if you have no selection. Question mark place-holders await the input
of the parameters.

»  Click on the palette image of the Derivative Op.

e Type the expression delimited with a parenthesis and press[=:] to input the
independent variable. Once you have entered the expression, select and
Simplify to obtain a symbolic answer. Below is an example.

C] %? - Input Partial Derivative Op.

ﬁ 4 3 -§—— Type the function in parentheses.
DB? X4 3x 478

Daa_(x4+3x3_dx+'?g} <@— Tabandtype an X.
x

D aa_(x4+_gx3_4x—+_?g} <— Select and Simplify.
X

AN aa—(x4+3x3—fix +79) = dxc® 4 0x2-d  Stmlify
Z3

The second method involves entering the expression, selecting it, and clicking on
the Palette image of the Op. Tab to input the independent variable.

The third method involves typing the command line;
Di ff(x) [ *(xM4+3*x"3- 4*x+79

A more dynamic way of working with derivativesisto create afunction y and
substitute it into the derivative Op.

* Input the function and the Derivative Op usingy as the dependent variable
and x as the independent variable.

[y = 32l 479
Oy

dx
»  Select the equation by clicking on itsequal sign and, with the hand, moveit to
the Derivative Op. Let go.

(¥ = 2430 A 479

: Manipulation
dim f
dx

[y = x4 35 dx 478

d
DE}’
&E? ¥ =94 0x2_ ] Substhute

X

Result
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Differential Calculus

Numeric
Derivatives

Using the
Differential
Operator d

b

Rules of
Differentiation

158

All you do to generate the numeric derivative of an expression at apoint isto give
the independent variable avalue.

* Totheexampleabove, add aProp giving x thevalue of 3. Select the derivative
expression and perform acalculate.

C]aa—(x-4+3r3—dlr+?9)
hE
A aa—':x4+3x3—£1x +?B} =185 Caladate
X
(o) =3

A problem may occur if you do not placethe x = 3 Propinitsown Case Theory.
Since you have givenx avalue, al subsequent derivatives will automatically
result in anumerical answer. Using a Case Theory solves this problem.

» CreateaCase Theory and enter x = 3. Substitute this equation into the
Derivative Op located outside of the Case Theory. The answer displaysinside
the Case Theory and the value you gave tox will not affect any other

derivatives.
(o]y = #4383 41
d
Oz
&aa—}f =dx349x? 3 Substtuie -
x
O DX =3 —— P Substitute into RHS |

a 3
ff ¥ 186 Sulbstiute
d

rd

Y ou can also use the PreDefined differential operator d to find derivatives.

» Using the same function as above, enter the derivative using the differential
operator d, rather than the Partial Derivative Op. / d*x d*y

e Substitute the function into the derivative for the answer. The resulting
expression includes dx terms, which will cancel when you perform an
Expand on the RHS.,

(o]y = x4 4307 3x 41
dy
UZe

s % = (—3 dix+dx dx +9x° dx}é Substitube

&% =dx?4+8x°-3 Ewpmd
x

Y ou can explore the rules of differentiation by using substitution variables or
constants, as the case requires, to represent the inner functions and powers that
make up afunction.



Derivatives of Functionswith One Variable

»  For example, to explore the Power Rule, input the following two Props and
You must declare the perform the substitution. Notice that the derivative is of the functiony with
index N a constant. respect to x.

Manipulation

&aa_x}, —nx Tl Substmte g pequ

Y ou explore the Negative Power Rule and Constant Power Rule in like fashion.
Use avariablein place of the inner functions to demonstrate several other rules of

differentiation.
Make sure you declare » Below isthe Sum Rule. Enter the first five Props shown below and perform
u and V as variables. thefirst substitution. Turn off Auto Simplify to have MathView show all of its
steps.

o
[y =x"+10x
[(Ju = ot

Manipulation C] v =10x
# [y =u+v
First substitution
& a_}r = a_[u +u)  Substinte
da da
3 3 3,
St s P LT Tl Result

A g B di da
[y = 2t 10x

A
[:] EhaE } Second Substitution =~ ——

Manipulation D v =10x
4 [y =u+v
d

U die ¥

. Soe Bt be
4 di 4 Br(u +)
di i 1 d STmaply;
i += B Wi -
8:::1.......*.. x.. dx

d d .4, d :
i — s Substifete
&ax}? axx +ax[ &

Select RHS and
simplify B A B T Sl
‘5 ax}?
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Differential Calculus

Y ou can display the Product and Quotient rulesin similar fashion. The screen-shot
below only shows the manipulations on the substitution variables.

Product Rule

(¥ =uw

Substitute and then Simplify.

iy See Bt be
ilaxy ax(“U]
El_ = El_ El_ Simpd e
A di i die u,+u, dir .

Quotient Rule

Substitute and then Simplify.

d d

P ==
&a_ =M Simaplifie
dx ug.

e Usethe next two examples to demonstrate the chain rule. Remember to

Turn off Auto Simplify declare n as a constant.
for this manipulation. The
example will then show Chain Rule

the intermediate step.

..

Substitute and then Simplify.

&3_},- = 8 em mumenin

d n-1d o
& o= £ q) Simpirie
4 Elx}? " dx

Substitute and then Simplify.
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Higher Order Derivatives

Higher Order Derivatives

* Partial Derivative Op
* Linear Graph Theories

 Changing graph line details
* Inputting higher order derivatives

Not only are higher-order derivatives easy to input and solve, the dynamic aspect
of MathView allows you to change initial functions and witness immediate
changes to a Graph Theory containing their plots.

In the following example, you find the first and second derivatives of afunction.
Y ou then plot all three in the same Graph Theory. By varying the initial function,
you can watch all three plots change in the Graph Theory.

» Using the Partia Derivative Op, you enter the second derivative in the
following manner. Click on the Palette image of the Op twice, typey, press
[:], type an x, press [ again, and type another x.

C]aa_x[a_}:] Press | =& % y X X

A 23

Y ou can also enter a second derivative as an exponent.

» Enter asingle Partial Derivative Op in anew Prop and select it without they,
by clicking once on its fraction bar.

»  Click on the Superscript Palette icon or press [t ] - 6.

»  Complete the input by typing the index number.

d _ . 3
C] E Input derivative of y with respect to X. Ty
d Select the derivative Op
B E}’ by clicking on the fraction bar.

0 [ p J?}? Index by typing -6

. ) c
E or using the Palette image: El

dx
* Toverify that thisinput isin fact taking the derivative of a derivative, select
and Expand. Try using this technique with even higher order derivatives.
*  Input the function and the first derivative.
»  Follow by inputting the second derivative in the third Prop.
»  Complete by selecting the function and Substituting it into each Derivative
Op.

[l =aeteBeP i  oey 19
3
DEY

) [aa—jy -

2
(] ( g ] v Type the index number (2 in this case).

Substitute into
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Y ou will have to Expand the RHS of the intermediate answer of the second
substitution to compl ete the operation.

(w = 2 -2x%-11x 412

d
DEY
<’r_\>§ i =3¢y 11  Substitute

D[;—XT}’
(/_\)[8 ]2)" =(a—)2(x3—2x2—11x+12) Substitute

dx dx
8 ¥ -t Haemd
—_— = — Er=loa)
(&) -6

Y ou plot these functions by selecting the original equation, generating a Linear
Graph Theory, and adding two line plots. Define thefirst additional plot asthefirst
derivative and the second as the second derivative.

»  Select the original function and generate a Linear Graph Theory.

» Addtwo line plots and open the details.

»  Sdlect they in the second line detail. Click on the Derivative Op on the Palette
and type an x. The Graph Theory will redraw with the derivative function,
along with the original function.

ai * Sdlectthey inthethird line detail and click on the Derivative Op.
2 » Typeanx and then select the whole derivative, including they, and click on
the Derivative Op again.

*  Complete the operation by typing another x.

Y ou can now change the original function and the affects of that change will ripple
through the theory, redrawing all three plots.

(¥ = x*-2x2-11x +12

a ]

20+ /
0
}? -]
a0+

?( x 2 0 2 4 3

-8, 7=left..right Stretch to Fit « |

-28... 40 = bottorn.top  cropping [ Moderately « |

/ Zoom out once.

[ T

]

- Line at (3, v Jwhere x = left .. right with a line, colared

[Bh -]
: d : .
Line at | 3, = |where » = left ... right with a[ normal -
it o (5.2 | g
lire, colored .
, 3 [a - .
Line at | x, —| — where x = left ... right with a__norrral -
- [ dx | dx 4 :D gh
lire, colored | Green - I
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Implicit Differentiation

Implicit Differentiation

* Partial Derivative Op
* Apply

* Adding line plots
* Implicit Graph Theories

In this section, you learn to use the Apply manipulation to help differentiate
implicit functions. In addition, you are introduced to the implicit Graph Theory
and learn how to add aline plot to one of these plots.

»  Enter an equation for acircle. Select the equation and choose Manipulate »

A Apply. Click on the Derivative Op palette image and type an x. The apply will
S give you two ? placeholders awaiting an input. The Theory will look like the
2 following.
)
Dx2+}’2:25 Select Eq and DX2+}’2=25
- — a a
xogac = 25 2 d 2 .0 d .
‘B y Apply | 35 | X &Bx(x +¥ ;I I 20
;@‘ e Select the equation again and simplify, to perform the differentiation.
= e Select the Derivative Op and Isolate for the answer.
Q (] xiey?=25
9 (x?4yY =225 4y
& dix (x K ) dix
2y a__}, [ Stmplih Isolate the Derivative Op.
. ax
_.a_ = & Isiak -— Result
5 axy ¥
Implicit Graphs * You plot animplicit equation by selecting the equation (click once on its
equal sign) and choosing the implicit graph menu item, Graph » Other »
f(x,y) = g(x,y) Implicit. Choose x as the x-axis and y as the y-axis.
* You may haveto zoom out once or twice to have the circle display in the
Viewport. UseTrue Proportions  for this plot.
Clicking the more Oxb+y®=25
resolution icon will make [d]
a smoother circle. s

Sl e e
| L
}

o
L/

—
42 02 4

—6.., 6=1eft. right True Proportions - |

—B6... 6=hottorn..top  cropping [ Moderately « |

&

@) Contours at {3, %) whers x = left .., right and ¥ = bottom ... top;

spaced contours of Trmplici tDifference.
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Differential Calculus

Notice that the Yy in the
added line plot does not
conflict with the y in the
contour plot.
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Implicit plots are merely norma Graph Theories that have zero-contour plots as
their plot detail; therefore, you may add line plots.

The screen-shot below displays all of the steps in this example.

Use the point where x = 3.

[:]x2+y2=25 -

Select the first Prop from the previous example and press [=w-]. Enter x = 3.
Substitute this equation into the original Prop and I1solate y (in the figure
below, #1 gives #2).

Substitute the x and y Propsinto the RHS of the derivative equation. This
givesadopeof -3 (#3).

Input an equation for alineinto its own Prop below the x = 3 Prop, with the
point you determined above as its inputs (#4).

Isolatey in this equation. Add aline plot to the Graph Theory by choosing
Graph P Additional » Add Line Plot. The screen-shot below displaysthe
whole theory.

&E?_(x2+y2:| = 88_25 Apply
x x
25 +2y aa—y =0 Sirglity
x
A E?_y = % Imice -«@— #3 Both X and Y substituted here.
X ¥
d .. __3 :
&_y = 8 Substkets
dx 4
a _ .
Dy +8=25 Subsits #2 Gives the Y value.
&y =4 lwlate
(Jx=3 #1 Chosen X substituted into ~ —
—d=_3y-3 --<—  #4 Eqforli ith X & int.
(v -4 4(;( 3 q for line wi Yy as poin
@y = —E(X_SJ+£1 Taod ata
|

%
EH
EH
E

! !
T T
Ay2 002 4

—B...B=left.right | True Proportions w |

—6...6=bottom..top  cropping | Moderately « |

5] Contours at (3, v )where x = left .., right and ¥ = bottom ... top;

spaced contours of ImplicitDifference.

fp-Line at (x, ¥ ) where x = left ... right witha line, colored

(Bhd -]




Derivatives of Functionswith morethan one Variable

Partial Derivatives

Use Independence
Declarations with
caution, as they can
adversely affect Graph
Theories. MathView
assumes the dependent
variable to be a constant
with respect to the
independent variable and
the plot produces a
straight line.

b

Derivatives of Functions with more
than one Variable

* Case Theories
* Independence Declarations and Partial Derivative Ops

« Color 3-D plots
« Creating atangent planein a 3-D Graph Theory

In “Traces and Partial Derivative Functions’ on page 136, you generated a graph
of afunction with more than one variable along with a plane intersecting that
function. The plane made a curve of intersection with the three-dimensional plot
called atrace. Thistrace represented the partial derivative with respect to the
independent variable. In this section you will learn how to use MathViewto
algebraically find the derivatives of functions with more than one variable.

The point of tangency of a 3-D object isaplane. In the final examplein this
section you will learn how to generate this planein a 3-D Graph Theory.

Y ou use the Partial Derivative Op, along with an Independence Declaration, to
perform partial differentiation in MathView.

Use the following function for the next example.
z=1f(xy) =-x2-y?

*  Create a Case Theory by choosing Notebook » Insert » Case Theory.

To solve partial derivativesin MathView, you must declare your variables
independent of each other. If you put an independence declaration at the root of
the notebook (outside of al Case Theories), it will affect all subsequent

mani pulations, including those inside Case Theories. When placed inside its own
Case Theory, the declaration will only apply to operationsinside that Case Theory
and any Case Theoriesinside of it. It will not affect manipulations outside of its
own Case Theory.

* Input an Independence Declaration by choosing Notebook P Insert b
Independence Decl.. Declare x and y independent by typing their names
separated by acoma, at the location of the 2.

* Input the function and two Derivative Ops, the first with respect to x and the
second with respect to y. Y our notebook will 1ook like the following.

O L Thevariables [x, v ] are independent of .
D v = _XE_}, 2
g
o
U dx
d
A,
9y
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Differential Calculus

To find the numerical
derivative at a point is a
simple matter of giving X
and y values and
substituting them into the
two new functions just
generated.
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* Substitute the function into the derivatives to obtain the answers.

D e —.?Cz—}’2
And
Results:
&aa_z = _ 2y Substhuie &%z = -2y Substitute
g

The point of tangency of a3-D object isaplane. The next example plots the graph
of thefunction just used and adds atangent plane. Y ou can then dynamically move
this plane to any point on the surface of that function.

e Inanew Case Theory, input the function using Wildcard variables and enter a
z = f(x,y) Prop.
*  Substitute the function into the z Prop and take the Partial Derivatives.

The Theory will look like the following. Do not forget the Independence
Declaration, and make sure to declare f afunction when requested.

g L The variables [x, ¥ ] are independent of .
@f(a.g)=-a*-g°
(8] z = flxy)
D —x?-y? Substimie —«f— Substitute into Z, below
d
el
Dax
d ;
L o= 2y Subsiituts
&Bx
d
—
Os
d ;
=z =2y Substiute
O,

e Input the point of tangency at (1,0) by entering two Props defining x and y
(till inside the Case Theory).
* Inputfour Props: z, = z; xg = X; yo = y; and z, (by itself).

»  Substitute the z-Prop (Conclusion), above, into the RHS of the z, = z Prop.

C] A 1 /\
(Jy =0
(Jz,=% Substitute /% Z = - X?- y? Substitute

[:] xu =x (substitute only into RHS)

Substitutethe x = 1 and y = 0 Propsinto the resulting equation. This
manipulation links the function to the plane.



Derivatives of Functionswith morethan one Variable

Make this equation
the Working Statement

(Jz,==
&) Zy= _x.2_},2 Substihute
(,.-"_\) Z,= —1 Substitute

* Subdtitute x = 1 intothe RHS of the x, = x Propand y = 0 into the RHS
of the y, = y Prop.
» Finally substitute the z, = -1 Conclusion into the z, Prop.

=1 Change these to
[:] i E] N =0 change location
[Jz=0 Ly = of Plane.
DZD= = C]z‘uz z
Myzg= —xtoy? Substtute Dyzg=—xt-y? Substtute
: Syzg=—1 Substiute
C]xu=x 0 0
= Xu=x
o= Dyxg=1 Substute
DYU=Y
Ay =0 Subsdhte
(=,

Dyzg= -1 Substimte

Below isthe equation for aplane.

D2 =g fleovdlx -5tz -7+ 2o

g

Y ou do not use the equation above in this example, however, because the partials
in the Theory arein terms of x, and y, , which are constants at this time.

*  Youmust manually input the following equation below the z, Prop. Declare
z¢ as aUser Defined variable when requested.

O7 ={=2xglxr-x)+{-2y gy -¥ ) +2,
* Substitute the valuesfor x, y, and z, into this Prop. The resulting
equation becomes the equation for the tangent plane at the point (1,0).

(8] x,=x
(/_\)xnzl Substhute
Ove=v
&YU:U Substihute
[k
&zuz_l Substihute
A :(‘23(0:'(1’—3(.3:'*'(—2}’9:'(}’—}’9)*'20 Plane only has one

D= —2x-1)-1 Substitut: -ag————— independent variable.
»  Generate the Graph Theory by selecting the original function, the
z = f(x, y) Prop, and choose Graph » z=f(x,y) » Color 3D.
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Differential Calculus

You use this method of
adding the second plot
because MathView
needs two independent
variables to add a
Surface Plot, which this
equation does not have.
You can trick the
program by adding a plot
with the same definition
as the first plot and then
changing the detail.

Alternatively you can
toggle on

Additional » with
blank slots under the
Graph menu. Then
select the z¢ Prop and
choose Add Surface
Plot. This action adds
a blank Surface Plot
detail which you then fill
in with the details shown
to the right.
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Open the details and select the surface plot detail, by clicking on the leading
icon and Copy/Paste. A second plot will generate. Change z to z¢in the
second detail. If the plane does not draw immediately, select the z¢

Conclusion (triangle Prop icon), and make it the Working Statement by
selecting Notebook » Make Working Stmt.

The screen shot below has the details open so you can generate the same plot.

55
More Points mesh.
Less Points mesh.

-3... 4 =wmst, east Stretch ta Fit « |

-3...4d=south..north Crnpped| Moderately Wide - |
-32.. O=bottor..top  asseen througha [ Normal « |lens

Change

[ Surface at (x, ¥, z)whers ¥ = west ... east and y = south ... north;

[Opage = Jsursce s o = Jan s shaded uing [ Cusim

coloring:

z = hottom ... top selects from the color scherme .

[ Surface at (x, ¥, 2 | where x = west ... east and ¥ = south ... north

[ Frunslucnt = surtac has [ mesh = Ja i sod ing [ S50 <

coloring:

iz the solid color,

To change the location of the tangent plane, merely change the values of x and y

and the Graph Theory will redraw with the plane at that new point.



